In this paper, with reference to an analysis of seismic vulnerability on a territorial scale, we propose a new model for determining the damage in terms of a mean damage grade of a probabilistic nature. The theoretical approach is based on a behavioural analogy between a building and a particle in a dielectric, subjected respectively to an earthquake and a sinusoidal electric field: both phenomena are characterised by a critical value, and both phenomena obey the same rule when the relevant parameters are close to the critical value. We develop, in fact, a new expression for the vulnerability curves, simpler with respect to the existing one, and confirmed by data given in literature. This paper contributes to the development of a methodological process for estimating the degree of average damage in order to achieve results that can be used for preventive purposes.
Introduction
It is well known that a fundamental aspect in an earthquakes defence strategy is to transpose the understanding of the seismic vulnerability of buildings into a forecast of the entity of the damages, which follows seismic events of a fixed intensity. The goal is to create a decisional process of interventions that reduce the damage capacity, thus optimising the available resources. In general terms, the seismic vulnerability (V St ) indicates the propensity of a structure to endure a damage (d) due to the severity (s) of a seismic event: V St = d(s) . The path to an operating formulation, performed after defining the classification criteria for the vulnerability and measure of the damage and earthquake, is implemented into the research conducted for an instrument that can predict the expected damage, or, in other words, a correlation law cause-effect (Sandi, 1986) . Clearly, this type of functional link can be established only after an understanding of the seismic response for an assigned population of elements.
In the framework for a territorial seismic vulnerability, the more diffused approaches, which are initially developed based on macro-seismic intensity (Whitman et al., 1973) , are founded on the statistical analysis of damage data determined from seismic events. The methodologies developed in the early '80s in Italy in the framework of the activity of the GNDT (National Group for Defence from Earthquakes) fall into this category.
These methodologies are called level I or II GNDT based on the functions of either the data found through the special cards (GNDT, 1994) , or the various grades with which it characterises the analysed object. These types of methodologies, which are based on two different measures of vulnerability, vulnerability class and vulnerability index, characterise the above-mentioned functional link through the damage probability matrices (DPM) and the fragility curves (FC) .
One of the first European versions of the damage probability matrix was initially created by Braga et al. (1982) , based on the damage data of Italian buildings after the 1980 Irpinia earthquake. In agreement with the macro-seismic scale MSK-76 (Medvedev, 1977) , the predicted DPM (also known as DPM-Irpine) have been elaborated. The obtained correlation is based on the hypothesis that using the effect of the intensity of a seismic event (I), the probability of a determined level of damage occurring (D) is conditioned by a building belonging to an assigned structural typology (T): DPM = P [D | I, T] .
The use of the DPM-Irpine (level I methodology) for an analysis of the vulnerability of ordinary buildings requires a direct correspondence between the building typologies (based on the characteristics of the structures) and the three fixed classes of vulnerability (A, B, C). The distribution of the damage is obtained using a binomial distribution, which is a function of the free parameter d and ranges between 0 and 1 as follows:
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provide the probability to obtain a level of damage k. The level II methodology, also known as vulnerability index method (Benedetti and Petrini, 1984) , does not refer explicitly to the vulnerability classes but to a conventional measure of the vulnerability, which is defined for each building by a vulnerability index I V and depends on certain parameters (structural, constructive and technological) brought back in the card (CNR-GNDT, 1993) . For each parameter, a weight is attributed to the final computation, and different scores are provided with respect to the four fixed classes of vulnerability (which are quality conditions A, B, C, and D).
Therefore, it has some advantages over the ATC-13 (1985) method, which classifies the buildings according to their typology, material or year of construction. The vulnerability index ranges from 0 to 100, for masonry buildings, greater than -25, for buildings in reinforced concrete (I V = -25 ÷ 100). Each value of I V corresponds to certain FC expressed in terms of peak ground acceleration (PGA) and damage factor (ratio between the cost of the repair intervention and the value of the building). With this simplification, the problem of finding the functional relation between the seismic severity and the damage is reduced into one of establishing, for each interval of vulnerability, the values of accelerations for the initial damage and collapse.
A critical examination of these methodologies has been conducted by several authors (Bernardini, 1997 (Bernardini, , 2000 Dolce, 1997) , either to verify the possibility of using the DPM-Irpine in other Italian regions with modernisations (Zuccaro and Baratta, 1999; Zuccaro et al., 2000; Dolce et al., 2003; Di Pasquale et al., 2005) , or to compare the two methods (Meroni et al., 2000; Di Pasquale et al., 2000) and verify the possibility of a mixed approach between the two methodologies (Faccioli et al., 1999) .
The two measures vulnerability class and vulnerability index of these two methods have been conceptually integrated in the recent macroseismic method (Giovinazzi and Lagomarsino, 2001, 2003) implemented in the framework of the European research project Risk-UE (Mouroux et al., 2004) which received several applications (Oliveira et al., 2004 (Oliveira et al., , 2005 Balbi et al., 2006; Lantada et al., 2010; Irizarry et al., 2012) . The observed vulnerability approach, employed in the framework of the Risk-UE project and referred to as 'macroseismic method' has been derived from the definitions provided by the EMS-98 macroseismic scale (Grunthal, 1998) .
Is well known that the EMS-98 scale for six different classes of decreasing vulnerability (from A to F) and for building typologies, the description of the expected damage for each intensity level, are expressed in terms of the damage grades, DG = D k (k = 0 ÷ 5). Then, the amount of the involved construction corresponding to intervals of percentages is not fully defined (few, many, most), so that the matrices of the statistical distribution of the damage are incomplete.
These linguistic/quantitative descriptions interpreted using a probabilistic-fuzzy approach represent an effective tool to cope with the epistemic uncertainties affecting the vulnerability assessment procedures, allowing the authors (Giovinazzi and Lagomarsino, 2002) to associate a numerical value to linguistic definitions of the damage distributions: to estimate the upper and lower bounds of the expected damage, and the determination of an index of vulnerability V for each class and constructive typology (Tables 2, 3, 6) . For each value of V, the method associates a vulnerability curve that expresses the relationship between the mean damage grade, μ D (0 < μ D < 5), and the intensity, I (see also Sandi and Floricel, 1995) as follows:
where Q is a ductility-based index (for ordinary construction it is 2.3); α and γ are coefficients whose values are 6.25 and -13.1, respectively; the damage is expressed in five grades D k (k = 0 ÷ 5) and is based on the EMS-98 macroseismic scale in the absence of damage (
EMS-98 vulnerability establishes a correspondence between vulnerability classes and building typologies (grouped for structural material in masonry, reinforced concrete, steel and wood typologies) as it recognises that the seismic behaviour of buildings, in terms of apparent damage, may be described making reference to the seismic behaviour of the six vulnerability classes. According to the idea highlighted by the EMS-98 scale, the authors (Giovinazzi and Lagomarsino, 2004; Giovinazzi, 2005; Lagomarsino and Giovinazzi, 2006) realised that the seismic behaviour of a building not only depends on the behaviour of its structural system, but also involves other factors, and they suggested the following definition of the vulnerability index V = (V * + ΔV m + ΔV r + ΔV s ) which is function of the building typology (V * ), the behaviour modification factor (ΔV m ), the regional vulnerability factor (ΔV r ), and the soil amplification factor (ΔV s ) supported by different publications. A beta probability density function has been used to represent the damage distribution around the mean damage grades.
The distribution that better suits the specific requirements is the beta distribution [also used in ATC-13 (1985) ]:
where a, b, t and r are the parameters of the distribution; μ x is the mean value of the continuous variable x, which ranges between a and b, and Γ is the gamma function. In order to use the beta distribution (Giovinazzi and Lagomarsino, 2003) , it is necessary to make reference to the D k (k = 0 to 5), which is a discrete variable, characterised by five damage grades plus the absence of damage; therefore, it is advisable to assign value 0 to the parameter a and value 6 to the parameter b.
From this assumption, it is possible to calculate the probability associated with damage grade as follows.
Following this definition, the mean damage grade μ D , mean value of the discrete distribution (8), and the mean value of the beta distribution (6) can be correlated through a third degree polynomial (9) respectively:
It is worth noting that the mean damage grade μ D represents the mean damage value of the discrete damage distribution, it ranges from 0 to 5, and it is defined as the average damage since it represents the barycentre abscissa of the damage histogram. Furthermore, is a continuous parameter, unlike the damage grades, which represents the distribution of damage to the building set. Thus, by (6) and (9), it is possible to correlate the two parameters of the beta distribution with the mean damage grade:
The parameter t affects the scatter of the distribution. In particular if t = 8 is used, the beta distribution seems very similar to the binomial distribution; if t = 16 is used, the dispersion is very low and therefore lends itself to describe buildings substantially homogeneous from the point of view of the vulnerability; if t = 4 is used, there is a greater dispersion of the same binomial distribution, therefore it lends itself to describe heterogeneous groups of buildings in which they provide little information. For the distributions of damage probability a parametric representation has been proposed (Bernardini et al., 2007) , supported by different publications Lagomarsino, 2012) .
Proposal of a model for the determination of the vulnerability curves
With reference to an analysis of seismic vulnerability on a territorial scale, we propose a new model for the behaviour of the mean damage grade (μ D ) in buildings, which is defined as a refractive index model and allows us to elaborate a new expression for the description of the vulnerability curves.
Our theoretical approach for the definition of this model is based on the hypothesis that the behaviour of the damage in a building due to a seismic event is analogous to that of a particle in a dielectric mean subject to a sinusoidal electric field with a frequency close to resonance. In physics, the critical frequency is that which causes the largest transformation of the material, which is destroyed similarly to a building subjected to seismic solicitation.
Analytically, the position of a particle in a dielectric mean subject to a sinusoidal electric field is a solution for a well-known linear ordinary differential equation of second order with constant coefficients. The irreversible change of the material is governed by the concept of refraction, which is not the solution of the equation but a parameter that governs the change of the solution of the equation; this concept is the idea behind our analytical model.
The conclusion of our analysis is an analytical description of the damage that results in being extremely similar, from a numerical point of view, to that obtained through (3). It is not our intent to contradict the existing laws but to provide a mathematical approach to the experimental behaviour of the damage, which is based only on simple punctual interpolation. This approach results from a suitable physical interpretation and provides, perhaps for the first time in literature, an analytical definition of damage, whose origin is based on a differential equation, which is similar to most common mathematical models.
Refractive index model
The origin of the refractive index model comes from the classical model of diffusion of light according to Drude and Lorentz (Born and Wolf, 1999; Wolski, 2010 ) which we will discuss briefly.
The anomalous dispersion model of the light in a dielectric describes the refractive index in terms of the difference between the natural frequency of the medium and the frequency provided by the sinuous law of the electric field, which occurs when this difference is extremely small. We briefly recall this model: it would be expected to associate the mean damage grade with the refraction index and the similarity of the frequency of the electric field to the resonance frequency of the dielectric with the vulnerability index.
Consider a particle of a dielectric (a medium that can transmit electric force without conduction), with a mass m on which a force f(t) acts, proportional to its charge q that obeys a sinuous law as follows.
where the frequency ω is close to the frequency resonance Ω 0 .
If kx is the quasi-elastic force of the callback, where k is a constant based on the system, and ( / ) r dx dt is the resistance to the movement that is proportional to the velocity of the particle, it is well established that
Recalling our assumption on the force
and that the stationary term of the complete integral of (12) ( )
The induced moment ( ) ( ) p t qx t = is easily obtained (and therefore the polarisation ( ) P t of the medium, which contains N particles for any unit of volume) as follows:
( 1 7 ) Assuming that the wave has a direction x, we can set
where n′ = (n -jγ) is the complex index of refraction: n is the absolute index of refraction of the medium and -γ, called an extinction coefficient, provides the damping of the wave along x and causes a progressive decay of amplitude, which is caused by either a natural absorption of the energy of oscillation for transformation in heat or the irradiation in different directions with respect to x. If γ is small and n′ ≈ 1, i.e., n′ 2 ≈ (2n′ -1), we can substitute ( ) P t into (17) and obtain
Hence, because n′ 2 = (n 2 -γ 2 -2jnγ) we can obtain
and imposing equality between the real parts, we can obtain ( )
With reference to (21), the main idea was to identify the absolute change in the index of refraction with respect to its central value, with the central value of the degrees of damage grade: n -1 = μ D -2.5; and associate 
In the proposed formula, as well as in (3), the mean damage grade (μ D ) correlates the various seismic behaviours of buildings through the vulnerability index V; the damage scale corresponds to that defined through the EMS-98 scale, such as the intensity (I EMS-98 ), and the parameter C affects the slope of the curve. The reason behind the maximum value in the expression for (23) is readily explained: the behaviour of the refraction is a symmetric function similar to the damage, but only when V St > -5. However, in (3), a symmetrical function appears, which is due to the well-known symmetry of the hyperbolic tangent function, when the macroseismic intensity is greater than 5. Therefore, the maximum in (23) simply implies that there are no significant damages for small values of macroseismic intensity.
Characterisation of the parameter C and of the vulnerability index for monumental buildings
In the case of monumental buildings, a vulnerability model suitable for the application at territorial scale has to be referred to a typological classification. Considering the wide variety of the artefacts that constitute the cultural heritage this classification is not a straightforward task. However, for the sake of a simplified structural evaluation of the seismic vulnerability on a wide population of monuments, a typological classification is usually possible, gathering into groups the structures which are similar with reference to the architecture and the seismic behaviour (Giovinazzi, 2005) . With reference to the data collected during the last years on the damage for several monumental typologies caused by various seismic events Podestà, 2004a, 2004b) , the values of the vulnerability index (V = V 0 ) and the parameter C to be used in the analytical function (23) for an analysis of the vulnerability at level 0 when only the monument list of a city or a region is provided (Figure 1 ), are proposed (Table 1) . Our proposal provides only a simplified structural evaluation of the seismic vulnerability on a wide population of buildings: this analysis cannot consider possible changes in the vulnerability properties that can differentiate each specific building (e.g., the state of maintenance, the quality of the materials, the structural regularity, the dimensions and the shape of the main structural elements, the interaction with the adjacent bodies of factory, the presence of recent studies of consolidation, and the morphology of the land). After these considerations, formula (23) can describe either the mean damage of ordinary construction or that of several monumental typologies, and this is shown as an example in Figure 2 , where the vulnerability curve for churches is obtained using values of V 0 = 0.89 and C = 6.07 and suitably describes the damage observed in various Italian regions caused by seismic events Podestà, 2004c, 2005; Carocci et al., 2012; Casapulla et al., 2012) . The parameter C, which characterises the slope of the vulnerability curves, is strongly linked to the typology of the building.
Comparison of the vulnerability curves obtained from the refractive index model
The vulnerability curves obtained from our proposed model will be now compared with expression (3). These curves have been obtained using a new function based on the same model that let us define (23) and are presented later. The comparison will be performed with respect to the vulnerability DPM-Irpine and those defined using the macroseismic method with the FC of level II GNDT. (Table 2 ) compared with the vulnerability curves determined using (23) with respect to the values of the vulnerability index of the respective classes (Table 3 ) (see online version for colours)
Classes of vulnerability: comparison with the DPM of the macroseismic methodology
Figures 3 and 4 provide the results obtained with the proposed curves, which are computed with the respective values of the vulnerability index given in Table 3 and compared with respect to the values of μ D corresponding to the DPM of the six EMS-98 vulnerability classes (Table 2) . 
Source: Giovinazzi and Lagomarsino (2002) In particular, we note a good correspondence in the central part of the diagram in Figure 3 with respect to the values of the DPM while the curves stretch asymptotically to the values of μ D = 0 and μ D = 5 in the extremities. Furthermore, this type of correspondence is evident in Figure 4 , where the curves we propose have been compared with the curves obtained from (3) with respect to the values of the intervals of plausibility and possibility of μ D corresponding to the DPM for class A (Table 2) . Source: Giovinazzi and Lagomarsino (2004) Figure 4 Curves with respect to the values of the plausibility and possibility intervals of μ D corresponding to the DPM for class a obtained with (3) (Giovinazzi and Lagomarsino, 2002) in the graph on the dotted line, and (23) in line graph continues (see online version for colours)
Figure 5
Comparison between the vulnerability curves obtained with (3) (Giovinazzi and Lagomarsino, 2002) in the graph on the dotted line and (23) in line graph continues, of the six EMS-98 vulnerability classes computed with respect to the values of the vulnerability index in (Table 3 ) (see online version for colours)
Furthermore, the obtained 'almost coincidence' is confirmed in the vulnerability classes (see Figure 5) , where the vulnerability curves defined with (3) and (23) with respect to the six EMS-98 vulnerability classes are compared and computed with respect to the attributed values of the vulnerability index (Table 3) Table 6 the vulnerability curves are reported (Figure 6 ) with reference to the Building Typology Matrix (BTM). The curves have been obtained using (23) and (3) and are represented with a continuous and dotted line, respectively. In Table 4 , the values μ D obtained with their respective equations have been reported for the typologies M1.2 (≡ M3.1). Table 4 Comparison of the values μ D obtained using (23) and (3) for the building typologies of Table 6 and computed with respect to the vulnerability index For example, Figure 7 , show the distribution of degrees of damage to the macroseismic intensities I EMS-98 = VI, VIII, obtained through the beta distribution with parameters by assigning the following values: a = 0, b = 6, t = 8. (Table 6 ) (see online version for colours) (Table 4) with expressions (23) and (3) for the macroseismic intensities I EMS-98 = VI, VIII
Classes of vulnerability: comparison with the DPM and the FC curves (methodologies of level I and II GNDT)
We recall that the DPM-Irpine (level I GNDT method) are efficient for an evaluation of the vulnerability before a seismic event through the binomial distribution function of the free parameter d. It is possible to describe the entire distribution of the damage for each class and grade of intensity through the mean damage by computing the parameter d from ( 5) d d = ⋅ and obtaining the mean value damage for the three classes of vulnerability and the intensities of the Irpinia earthquake (Table 5) . Source: Braga et al. (1982) In Figure 8 , we make the comparison with (23), and we can see that the behaviour is nearly analogous. In particular, with reference to Table 5 for the DPM-Irpine classes, the correspondence with the first three EMS-98 vulnerability classes (as determined using the macroseismic method) has been obtained associated to the level I vulnerability curves GNDT: for class A, V I = 0.98; for class B, V I = 0.82; for class C, V I = 0.66. The values of the vulnerability index are greater than 0.08 with respect to the value formally attributed to the macroseismic method (Giovinazzi and Lagomarsino, 2004 ) but equal to the results found in literature (Giovinazzi and Lagomarsino, 2002; Balbi, 2002; Giovinazzi, 2005) . For the FC of the level II GNDT methodology, we recall that they are expressed in terms of PGA and damage factor. Consequently, for a comparison with (23), we referred to relations available in literature (Guagenti and Petrini, 1989; Giovinazzi and Lagomarsino, 2001, 2004) for the appropriate conversions. Therefore we are in a position to trace the FC in the plane intensity-mean damage grade and allow the comparison with (23) I V V = assigned to constant intervals, which consider the correspondence between the two measures of the vulnerability through the relations (Frassine and Giovinazzi, 2004): 156.25 76.25 and 0.0064 0.488
The diagram demonstrates how the curves of our model have a qualitative behaviour analogous to the FC with the exception of the extremity zones, which is where the last curves have a greater slope. This difference is linked to the three-linear approximation used for the level II curves. We note that this difference does not indicate that a building begins to damage itself, even though in reduced measure, for low values of intensity; similarly, it is difficult for a building to collapse completely for high values of seismic shaking. 
Numerical confirmation of the refractive index model
The importance of the vulnerability curves is the possibility 'to preview' the impact of an earthquake of a given intensity on an area containing several buildings in terms of mean damage grade. To evaluate the refractive index model proposed by (23), we present the damage of various constructive typologies in several countries that were found in numerous studies and refer to the EMS-98 scale, which refers back to the Building Typology Matrix (BTM), (Giovinazzi and Lagomarsino, 2001 Balbi, 2002; Milutinovic and Trendafiloski, 2003) (Table 6 ). The data on the seismic events are provided in Table 7 , for every seismic event, we provide the reference, the DG, the macroseismic intensity, and a label containing the place and the date. To overcome the problem of the heterogeneity of the data, the studies considered have expressions and considerations based on the correspondences between the different macroseismic scales and the damage levels (ATC-13, 1985; Achard and Goula, 1988; Abeki et al., 1989; Bolt, 1999; Okada and Takai, 2000) . We remark that, about the recent L'Aquila (Italy) earthquake (Mw = 6.3, Global CMT) that occurred on April 6, 2009, several damage studies of the L'Aquila earthquake have been published (such as: Formisano et al., 2012; Lagomarsino, 2012; Karakostas et al., 2012; Kontoes et al., 2012; Endo et al., 2015) , of which a critical examination has been conducted by Douglas et al. (2015) . Irpinia (Italy) (Braga et al., 1982 ) 23.11.1980 Mont Chenoua (Algeria) (Farsi and Belazougui, 1992) Figures 9 to 17 provide a comparison between the data collected in literature and the vulnerability curves from our model for various BTM typologies. For each diagram, we provide the label of the earthquake (Table 7) , the constructive typology with its vulnerability index V I (without the letters BTM) (Table 6) , and, when necessary, a short description of the typologies linked to the data of the damages. The conclusion is that our refractive index model demonstrates its reliability in the determination of the correlation cause-effect obtained using the analytical expression of the vulnerability curves.
Conclusions
A strategy for the prevention and reduction of seismic risk is to improve building quality, reducing its susceptibility to damage. For new buildings the achievement of this objective is implicitly obtained by compliance with anti-seismic standards. Another matter concerns existing buildings that require an assessment of their current susceptibility to damage. It follows that it is essential to have appropriate tools to assess the effects in terms of expected loss according to the severity (intensity, PGA, etc.) of the event such as an earthquake, for instance, in terms of the curves of vulnerability.
With reference to an analysis of large-scale seismic vulnerability, we studied the problem of finding a mathematical model for predicting the expected damage. We developed a theoretical approach, called refractive index model, that enabled us to formulate a new analytic closed expression of the curves of vulnerability. This predictive tool is not to be understood as the attempt to present a new universally valid expression but as a tool to provide a mathematical approach to the seismic behaviour of buildings and to the expected damage.
